1.7 Homogeneous Functions

> |H0mogeneous function-I |: 2 variable and degree n: f(tzr.ty) = t" f(x,y).

» Example: f(z,y) = %:%g—i = fltz,ty) = %5{5 =t~ f(z,y) = Degree = —1.

» | Homogeneous function-1| 3 variable and degree n: f(tx, ty,tz) = t" f(x,y,z).
» Example: f(r,y,z) = sin{%ﬂ) = f(tz, ty, tz) = sin(Z) = tf(x,y, z) = Degree = 0.
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» | Homogeneous function-IT} 2 variable and degree n: f(x,y) = 2"¢(£) or, y™(
r— _a 1-4 _a,

» Example: f(r,y) = Eg:% =z zmﬁg =1z ?¢(%) = Degree = —2.

» | Homogeneous function-IT| 3 variable and degree n: f(x,y, z) = 2"¢(£, 2).
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» Example: f(r,y,2) = 2" +yz + 22 = 2?[1 + £2 + (£)?] = 2°¢(£, ) = Degree = 2.
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Theorem 1.8. Euler’s theorem (3 variables): If f is a differentiable homogeneous func-

tion of degree n for (x,y,z), then I%:E + y%}; + z%‘é =nfl

Proof. Let us consider the function F(z,y. z,t) = t7" f(tx.ty, tz).
Put w = tx, v = ty, w = tz and differentiate F' with respect to t we get,

aF _ —n—1 o —nyOf du |, Bf v , Of dw
S =t f(u,v,w) + “{&ig—l-;éa—l-géﬁ}

_ —n—1 o —ng Bf 8 i)
= —nt " f(u,v,w) + ¢ "[r%—l—y%%—z%)
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Now, if f is homogeneous = F' is independent of ¢ = 5 = 0.

Therefore, nt =" ! f(u, v, w) = t‘“{l‘gu": + y%{; + z;%:l

= nf(u,v,w) = t.'r%u-[ + ty%vi + tzgl-%

= u%& + L‘%E + -w%% =nflu,v,w)

Whent=1=u==x v=uy, ur:z:>;r§£+y%£+z%£:nf{z,y,z).

B Converse: If Igg + y%yi + z%-zi = nf(zr,y,z) holds for all (z,y,z) then f will be a
homogeneous function of =, y, z of degree n.

= Let u =txr, v =ty, w=tz. So we have,

%f{tr,t-y: tz) = %f{u v, w) = %% + %5% + g{-,% = I%;E + y%,é + zgui, =4nf(u,v,w)
= ‘-? = n% = f=At" = f(u,v,w) = At" = f(r,y,z) = A, [put, t =1].

Therefore, f(u,v,w) = t"f(x,y,z) = f(tz.ty.tz) = t"f(z.y, z).

It implies f 15 a homogeneous function of degree n. a



Example 1.26. If u(z,y) be a homogeneous function of degree n then show that

f o2 o2
Izgﬁ_ﬁ_ + Z:Eya%;‘g + yzr:%‘& =n(n—1)u.

= Since u(x,y) is a homogeneous function of degree n = Ig% +y% =nu .. (1)
Differentiate partially (1) with respect to ‘=’ we get,
; 52 52 ; . o2 ;
Ju +m3—ﬁ+y%§—y =nd = mg—x%—l—-y% =(n—1)2% .. (2)
Differentiate partially (1) with respect to *y’ we get,
o2 o “ i Foy] P’ w
T +yS3+ G =ndt ::»:Ea%%—l—y% =(n— 15 .. (3)
Now (2) xx + (3) x y we get,

|'2 |2 ‘2 o s o s |'2
Igg;‘g‘- + QIy% —|—y2-.-g§§ = (n— 1}{$% —I—-y-%) = Iz% —I—QIy% + yzg—;& =n(n—1)u.
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B Note: IQ-.C%QQ- + Q:Ey-asz + yz%z = {m% + -y-é%)z.

Do It Yourself] 1.55. If u = tan—! “"S—J:LS, then show that ru, + yu, — sin 2u.
r—y y
Hint : tanu is a homogeneous function of degree 2
g g

[Do It Yourself] 1.56. If u = cos™' —Z== then show that Tu, + yu, + 5 cotu = 0.
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1.7.1 Jacobian
If filzy, - ,zn), folzy,-- ,zp), -+, falzy,--+ ,z,) are functions of zy,---  z, then
Jacobian of fy, fo,---, fn with respect to xy,xo,--- ,x, 18

afi 8fi ... 8h
v fn ¢ o dx dx darg
J= J(gi'_ -in} — jg:i’ng _| T T

o s | g

. dxy dxa
» ItJ= %{H =0= fi,---, fn are functionally related.

[Do It Yourself] 1.58. If z = rcosf, y = rsind, then show that .J = = = 7.

[Do It Yourself] 1.59. If r = rsinflcos ¢, y = rsinflsing, z = rcosf, then show that

_ dzyz) 2 -
J_'dr, =T sin .

[Do It Yourself] 1.60. Using Jacobian show that u =z +y+z, v=xy+yz+zz, w=
13 + 3 + 2% — 3ryz are functionally dependent. Find the relation.



1.8 Direction of Curvature

» Concave Upwards or, Convex: A curve is said to be concave upwards at a point P when
in the immediate neighborhood of P it lies wholly above the tangent at P.

» For a Concave upward curve y = f(x) the slope increases 1.e. % = 0}

» Concave Downwards or, Concave: A curve is said to be concave downwards at a point
P when in the immediate neighborhood of P it lies wholly below the tangent at P.

» For a Concave downward curve y = f(x) the slope decreases i.e.

543*

< 0}

» A Point of Inflexion is a point P where %ﬂ- changes sign. The curve being concave
upwards on one side of this point, and concave downwards on the other.
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» For the Point of Inflexion P of the curve y = f(x) implies % =0, %ﬂl #0] If £

I
4

at P, then the conditions are -E%%’- =0, %%"} # 0}

» For a Convex or, Concave at P w.r.t. = — axis if -y% >0, or, <0 Ex. y = x*

y= —a2

» For a Convex or, Concave at P w.r.t. y — aris if I% >0, or, <0 Ex. = =32

r=—y°.

1.8.1 Problems on Concavity, Convexity and POI

Example 1.29. Show that the curve y* = 822 is concave to the foot of the ordinate ev-
erywhere (i.e. w.r.t. = aris, try to visualize) except origin.

- - 2
= The given curve is y° = 8% = y = 222/ = y% = —#.
Now y% < 0, Yz # 0. Therefore the curve is concave to the foot of the ordinate every-
where except origin.

[Do It Yourself] 1.62. Show that the curve y = Inx is convex to the foot of the ordinate

in the region 0 < = < 1 and concave for x > 1. Also show that the curve is conver
everywhere to the y — aris.



Example 1.30. Show that the points of inflexion of the curve y? = (x — a)?*(x — b) lie on
the line 3xr + a = 4b.

= The curve is y2 = (x — a)?(x — b) or, y = +(x — a)/z — b.
e dy _ 4 3x—2%—a d°y _ | 3z—4bta ddy _ _ 3(x+a—3h)
We can easily check that, £ = iTE- == :I:m and % = TR

2vz—b ’

Now$$ =0=3zr—4b+a=0=z=2%z
3

Also at v = 42 44 £ 0,
The inflerion point are {453_“: :I:ﬁ(b — a)3/2) and POI lies on the line 3x + a = 4b.

[Do It Yourself] 1.64. Show that POI of the curve y = xsinz lie on the curve y?(4 +
x?) = 42,

o It Yourse b, ow that eve oint in which the curve ¥y — csin = meets the
Do It Y If] 1.65. Show th ry point in which th y in & h
T — aris is a POIL

1.8.2 Singular Points

» | Singular Point | If two or more branches of a curve pass through a point then the point

1s called a singular point.

> : A point (a,b) on a curve f(z,y) =0 is singular if | fz(a,b) = fy(a,b) =0}
» If two (three) branches of a curve pass through a point then the point is called a
double (triple) point.

» | Double Point | (x2 +3?)? = 4(z? — y?) = r? = 4cos26. (For the time being you can
use the app ‘Grapher Free’ and wvisualize the graphs)

» | Triple Point | (x? + 3%)? = 2(z® — 329%) = r = 2cos 36.

» | Quadruple Point | (22 + 3?)? = 4(x? — y?)? = 7 =2cos26.

» i m branches pass through a point then the point is called a multiple point of order m.

> |[solatcd Point or, Acnode |: If (x,y) satisfy the curve y = f(x) but has no neighboring

points then it is called isolated point or, Arcnode. Ex. y? = z%(x — 1) has isolated point
(0,0).
[0 Condition: fﬁy — fez fyy < 0 at (a,b).

[Do Tt Yourself] 1.68. Find the singular points of the curve i) (2 + y*)? = 4(z? —
y?), i) (2 + %)% = 2(«® = 3zy?), @ii)(2? + y7)° = Aa? - 9P), i) 2 -2yt =
0, v) yly —6) = %(x — 2)> — 0.



